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Classical Linear Systems

A model is said to be linear if its state dynamics and input-output equations
are then assumed to take the following form:

System

The linear system is by the model matrix:

A B
C D

|

written in block partition form.




Classical Linear Systems
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Output y'* Input u?




Classical Linear Systems




Networks and Feedback Control

* Measurement Based

P| Controller Feedback Control N
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Feedback path

* Coherent Feedback
Control

Y = GH(U - Y)




What about circuit QED?

CIRM, 2018




Electric Networks

« Capacitors

q
|
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e Inductors — Y Y Y

« Networks b= Z Ec;(g;) + Z Er, (or)
j k

Chua + Green/MacPherson (1976)  Bernstein and Lieberman (1989)

qc FT VoFE invertible matrices M and N
= B 1 Ir 0
[‘f.’L] [—F 0 ] [ VLE] such that N IF(MT) :[ . 01

. : x=M""qc and y = N"'pc,
F' is the fundamental loop matrix E (z,y) = E (Mz, Ny)

@ Capacitor/voltage source loops!
Inductor/current source cutsets!

Maschke, van der Schaft, Breedveld (1992/5)

Intrinsic Poisson Bracket formulation.
r = active variable, others are casimirs




Inductor

Series/Parallel

8Lser. _

H ey (QC7 PL, t) = Sup {q(PL - Lser.(qcn q, t)} -
q

(¢) — EL (¢) + @i (t)

Hpar. ((PLJ qc, t) — SU:p {quc - Lpar. ((PLa Qba t)} .
&




Duality

Hser. (Q9 @, t) = h (qa (10) =+ ¢ Vin (t)

Hpar. (Qa ¥, t) = h ((L 90) + (piin (t)

d d
%A — {Aa Hser.}ser. and %A — {A7 Hpar.}

par.

_0AOB 9B 0A
St 9q Jp  Dq Oy

{4, B} = —{4, B}

par.




Driven Components
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ICRETGRREMIORE  17° (. %5 vs (1)) = sup {g@ — L° (¢, 4 vs (£))} = H® (¢, ¢ + s (¢))
FluxHamiltonian-

H' (¢, G;is (t)) = sup {4§ — L' (0,315 (1))} = H (§+ g5 (£) , ©)




Matched Systems

« Charge-charge E+
i __'II 4 i Q|| v -.'EE . C . C .
A -“‘ O I B.%B EB(q,q):LA(q,q)—FLB(QaQ)-

e Flux-flux . ¢l v 'b[ L ; , ¢ . ¢ .
i}_q,i!_.q.l n | HH’LHJH LAB((p,go)ZLA(QO,QO)—FLB((P’(P)-

 Charge-flux VA, iA[ UB, 1B

L(qa,qa,v5,98) = L%(qa,44) + Lz (pB,98) + (A — 1)qap + A ppda.




Charge-flux matching )
: q

{f’g}:(af dg dg 8f)_|_(6f dg g 8f).

Oqa 0pa  Oqa Opa dop Ojs  Opp dip




Cascading

>(I)B~

(A=1)

H (QAa YB, @Aaq\B) — Hﬁ& (qAJ @A — SOB) + H‘fB (q\Ba QOB) — AVin,
Uout — SbB-

—> dy4 > A B, ge o, i<v, (A=0).




Networks

e Series

e Parallel




Resistors?

« Port-Hamiltonian networks (van der Schaft and Maschke)
This is based on modifying the Poisson Bracket to include the dissipation terms
But breaks the Jacobi identity!

« We need to use irreversible open systems in the quantum case

« Do we model using markovian models (SLH) or non-markovian?

« Passivity

Immittance Z(s) LPR Scattering G(s) = ;gg LBR

T
/ vidt > 0. ReZ(s) > 0 for Res > 0, G(s)*G(s) < I for Res > 0,
0

ReZ(iw) = 0. G (iw) unitary.




Circuits + Transmission Lines

I" 0 —>
<

c
Circuits (LC Oscillator)

e Lagrangian: L(q.q) = %L@E - %qg +q-v(t)

: 0oL :
conjugate momentum: p = a = L

Hamiltonian: H(q.p) = P

EoM: L§g= —{l:_q + v(t)

Energy: &oee. = 3L4° + == ‘

d = &
Power: Eﬁm - '[ll'““'} Q(E-ﬂ - Qrin“ + :} + ‘jrcmt“' - E}




Circuits + Transmission Lines

e Z-axis
 —

Lagrangian density: £(Q.Q ..Q,) = éf'@i - i@i

; oL
conjugate momentum: 7= —— = £

JQ .

7] 2 2
Hamiltonian: H = ;—E’ + 3:,
Interior Energy: &y, = fum Hdz=

Energy conservation: ’H; +&. =0with lux &§ = — le;Q:; =171-V.
K

Bowi: %gm — T V[ = —I(0,1) - V(0,2).




L.am b Mo d e | Lamb Model ¢(t) = Q(0.t) 4(t) = I(0.t)

Total Energy &iota) = Sose. + 7L

d

E"’ﬁ.ulu! - :iI'T.f[:f:l_] T I{ﬂ‘t} V{D‘ﬂ

broral 18 conserved if v(t) = —V(0,¢).

, Zo o i, z
= gn(f + =) + Goutll — =),
Q.t = Ginl g o ( J

et

1 =
___Q:.z = _Hﬁiiu{t + _} + Riout (t — _}’
K ¢ g

1 f
. \/;*
V{: f]l = RI{E,?} — ER{;'iu{f 2 f_}
v(t) = —Rq+ F(t) |




Finite Transmission Lines

Z -axis

»

Liap = £Q.Q..Q.) Liap + G(Q,Q 1) [0a(2) + dp(2)].

Note:

+ Liap) + Lipe] = Lia,e]
5G

30 = 0
a

3. El[ﬂ’b] = ﬁu_ - (51,,




LC Oscillators Talking via a Finite T.L.

Z -axis

»

1 1
G =5L(2) Q% — o) Q% +e-(1)- Q.
Z ; = ';IT-QJ +Pa * Ga O +j}b'fibﬁb_'£'lu.b]

H(Q, Q21 Q) Ly + H(Q, Q1) [0u(2) + du(2)].

Basic idea (semi-infinite, b = o0) Yurke Denker (1984) = ;
x - '|
Tl 6 = =Sls — LaVat+ I - Vi = 0.

See also Jeltsema, v.d. Schaft, Rep. Math. Phys. (2009) = SLEIQL 2—51{—:];0“-




Models with Memory

Lq(r) + f L(r—1)q(t"dr’ + Kq(r) = F(1), Spectral Density

frequency dependent resistance 1 [ J(w)
[‘(f):—f coswt dw 6 (1) .
T Jo

R(w) £ 2T |0" - iw]|.

J(w) £ wReR(w).

Ls’> -5 T [s] + K
Ls?+s5 2T [s]+K’

S[s] Res > 0,

Transfer function is linear bounded real iff ZT [s] (immittance) is linear positive real.

JG, Journ. Math. Phys., 57, 122101 (2016)




Markov Limits

Gardiner-Collett

Quantize the plant — quantum mechanical system
Plant

&\\% | Quantize the wire —boson field

[bin(t1), bin(t2)*] = 0(t1 — t2)

bDut




Plant
bDut

SLH Theory N

Unitary Dynamics (Wick order) S Uy = By (S — DUib + By LU, — L*SUpbin — 3L*L + iH)U,

Il 1

bin

S - unitary, L bounded, H = H*

(Heisenberg) ju(X) = U7X @IV, (X)) = B(S°XS = X)Uubin + b (S*[X, LI = Ge([L*, X]S)bin
Ll

(output) L bout(7) dr Uil e fn bin(T) dT|Us +j¢{%[L‘,X]L+%L'[X. L] —i[X, H]),
E’uul-{i} jL{S}E"iu +JI{L)




SLH Formalism (Markovian)

e Quantum white noise
« Hamiltonian H

 Coupling/Collapse Operators L

 Scattering Operator S




Quantum Networks (Cavity QED)

How to connect models? Cascaded models

— i

-

Algebraic loops Feedback Control




The Series Product




The Series Product




Beam-splitters

out
t 8 ik

oy
beamsplitter S = g: ;1; ] : / &

Z

dB; = SpdB5™ + Lodt = Sp(S21dBy + Sx2dBa) + Lodt
= dB™ = 5,,dB; + 512dB, = 5ydB; + Lodt

where

S0 =S+ Si2(l — $0522) 1S0Sxn. Lo = Sia(l — Sx) Splo.

Equivalent component [ﬁch Lo, Iftn]: B, —~‘-—‘ B




Network Rule # 1
Open loop systems in parallel

Models (Sj,Lj,Hj)?zl in parallel




Network Rule # 2
Feedback Reduction Formula

external external The reduced model obtained by eliminating all
the internal channels (instantaneous feedback)
is determined by the operators (Sfb, L, Hfb) given by

See + SeiX (1 _ Sii)()_1 Siea

internal -
X — - L SaX (1-SuX) L
H -+ Z IijXSJ]_ (1 — SiiX)_l Li.

1=1i,e

J. G., M.R. James, Quantum Feedback Networks: Hamailtonian Formulation,
Commun. Math. Phys., 1109-1132, Volume 287, Number 3 / May, 20009.




The rules are very similar to
classical linear systems

The feedback reduction yields the model matrix

[ﬁ(T,S) (V, T)] =Vap + VarT (1 - VTST_)_l Vg

aff
for o # r and B # s.




Hamiltonian Formulation of SLH

Ut — e-|—’5H0te—th Hy is the Stone generator for the shift along the wires

—iHV = —i“"HoW " = (5L5Ly, +iH)¥ — > L5S, by(+)¥,
Chebotarev-Gregoratti
“"Network” Hamiltonian

by(—)¥ = L,V + S,b,(+)¥

L—iH —-L*S
S
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Quantum FIy-baII v o @) ’ Network rules yield the overall “SLH"

Governor R | ‘0 1 From which we deduce the master equation
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Discrete Approximations

Cavity

—_—————— e

exp{VTL@® " —VTL* @0 —itH® h}
1+ Vil® o —ﬁL‘@a—f{%L*L+iH}®h+m

WTJ o — f{f bin(s) ds

\/—Z




(Innovations —Wiener process)




Discrete Approximations

Cavity

mﬂ%ﬂe/%
|




NON-MARKOVIAN

QUANTUM MODELS

Heat Bath with memory




Papers

Quantum feedback control of a two-level atom network closed by a semi-infinite waveguide

H. Ding, G. Zhang, Mu-Tian Cheng, Guoqing Cai arXiv:2306.06373v2

Quantum coherent feedback control of an N-level atom with multiple excitations
H. Ding, G. Zhang IEEE TAC, (2024)

Quantum coherent and measurement feedback control based on atoms coupled with a semi-infinite waveguide
H. Ding, N.H. Amini, G. Zhang, JG SIAM Journal Control & Opt. (0), S231-5257 (2025)

On non-Markovian quantum control dynamics

H. Ding, N.H. Amini, G. Zhang, JG (to appear IEEE TAC)

Reproducing Kernel Hilbert Space Approach to Non-Markovian Quantum Stochastic Models

JG, H. Ding, N.H. Amini Journ. Math. Phys, 66 042102 (2025)



https://arxiv.org/abs/2306.06373v2

NON-MARKOVIAN QUANTUM
CONTROL FOROPEN SYSTEMS

Non-Markovian bath

issipator




« Postulated by W. Strunz and L. Diosi

« Complex (classical) Gaussian stochastic process:

[ Elzz] =0, Eziz] = K(t.s) = K(s.1)". ]

« Stochastic equation with memory (causal?)

{ %mjt) z—z'H!\Ift>+LI\I!t>z(t)—L*/O K(t,s)(si\\mds- J




Microscopic Model - Bath

« Creation/annihilation operators

e smeared fields
= [ g(w)ay, dw

« The bath Hamiltonian is just oscillatory

e":tHBEL(g)e_”HB = a(g;), where|g;) = e"""7|g).

« The bath correlation function (kernel) is

{K(t s) £ (gelgs) = (gle‘“t‘s)i”Bg)-]




e The exponential vectors form a total subset in $p and we note that

(ef|e?) g = 19,

e The Complex Wave representation of a vector |¥) € §p is given by

[ B (f) = (e |0). J

e We also have the resolution of identity

[ : lef)(ef| Pdf] = Ip. J




Hr. =HQIg+1Is® Hg +iL ®d(g)* —il* ® a(g).

« Move into the interaction picture with respect to the bath

[ U — 1l —iT;=—iHQIpg+ L Z(t)— L" ® Z(t)". ]

d

e Here we introduce the “bath processes” A .
P 2= i) |

« The commutation relations are




Input-System-Output Model

e Input-output relation

{ Zout(t)* = Zin(t)* + /O K(t,7)j-(L)dr. }

« "Ehrenfest Equation” with memory!!!

t it

[%Ut(ﬁ»zgt(%[&m»nu | dr Ke.n G2 X050 + [ dr Kt 7)o L)X D)), }

0 0




For each f € f, we define its associated complex trajectory over the
time interval T to be the function ((f) : T +— C:t — ((f) where

[ G(f) = <f|9t>f' ]

The space of complex trajectories will be denoted as €k (T, dt).

{ (Zi-k - Ct(f)*) /) g = 0-]

[K (t,5) 2 {gilgs) = (gle =2 g), ]

(@[ ) = /f BT s Pldf] = / (B(0)| ()5 PldC] .

Ek (T,dt)




e With the change of variable, Z(t) is multiplication by ¢(-)!

e For the case where T = R, the adjoint operator Z(t)* IS

/ dTK(t,T)%.




Complex Trajectory Unravellings

« Causality?

 Microscopic Derivation

An unravelling is given on the space €k (T, dt) of complex trajectories
with measure P. The unravelling { — |W,(())s satisfies the Didsi-Strunz
equation with initial condition |W((())s = |¢)s for all €.




Exactly Solvable Model

« Jaynes-Cummings model: 2-level atom coupled to a bosonic bath
H = wple){e| and L = |g)(e]. 7 l
« Expand as a Dyson series and re-sum

W5 = 6)s + <e\¢>s(<A<t> ~Vlels+ [ A ar \g>s),

where A\(t) = >_2 (—1)* I} (t) with Io(t) = 1 and, for k& > 1,

I (t) :/ droy - - - dmy K(Tog, Top—1) - K (T2, 71).
t>Top >Tap—1>>1120



Exactly Solvable Model

e We note that

« By substitution, the solution satisfies the Strunz-Diosi equation.

e For the “Markov” case we have

K(t,s) =~6(t—s),

here we have I.(t) = %(7/2)1@" and so \(t) = e 1t/2




Back to the Control Problem

e N-level atom version N—1

o|v(t))
5z = Z fn(t,s)La|t(t)),

ri=1

where

F,(t) = /: alt, s) fn(t, s)ds

satisfies d

% i) = &nFi(t) — (v 4+1iQ —iw,) F,(t) + JXa

-

e The Markov case would lead to

Fo(t) = /; 5(t — 8) fult, s)ds = %

"Asymptotic Markovianity” is achieved for specific parameter regimes!




Back to the Control Problem

« Otherwise, linear equations for correlations, but with

time-dependent coefficients

1
ZlotaD) =

dt

_‘:ﬁ'!r{ﬂr:-ﬂ} 5 *I-';':L{”J: ﬂi::' E i§n+1{ﬂ:+lﬂ} = i!?faﬂ{ﬂ.lﬂﬂ }

e '[F"I:f} o F:{I:I_:I Hu{ﬂ:”n_} + [F-I-I-I{” + F;:+1{i:|:| Hr4+l{ﬂ.-lr-|-1‘7r:+l}~

;—l’iﬂﬁﬂ} = —ifAn{ota) —ignotay ) +ignlata) — Fyt)salo)a),
le-al) = iA, {ﬂ';u*} +ignloTay ) — ign {ufﬂ} - H.I{t}ﬂ.ﬁ:cr,,_ﬂ'}.

=iy (Guloga) — Gnlonah)),
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ForYour Attention,




