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Classical Linear Systems



Classical Linear Systems



Classical Linear Systems



Networks and Feedback Control

• Measurement Based
 Feedback Control

• Coherent Feedback
 Control

inputoutput

Plant Controller

Feedback path

-

+



What about circuit QED?

CIRM, 2018



Electric Networks

• Capacitors

• Inductors

• Networks

Chua + Green/MacPherson (1976) Bernstein and Lieberman (1989) Maschke, van der Schaft, Breedveld (1992/5)

Capacitor/voltage source loops!
Inductor/current source cutsets!



Series/Parallel 

Series

Parallel 



Duality 



Driven Components

Charge Hamiltonian

Flux Hamiltonian



Matched Systems

• Charge-charge

• Flux-flux

• Charge-flux 



Charge-flux matching



Cascading



Networks 

• Series

• Parallel 



Resistors?
• Port-Hamiltonian networks (van der Schaft and Maschke)

    This is based on modifying the Poisson Bracket to include the dissipation terms

    But breaks the Jacobi identity!

• We need to use irreversible open systems in the quantum case

• Do we model using markovian models (SLH) or non-markovian?

• Passivity



Circuits + Transmission Lines

O z -axis



Circuits + Transmission Lines

O z -axis



Lamb Model
(1900)



Finite Transmission Lines

z -axisa b



LC Oscillators Talking via a Finite T.L.

z -axisa b

Basic idea (semi-infinite, b = ∞)  Yurke Denker (1984)

See also Jeltsema, v.d. Schaft, Rep. Math. Phys. (2009)



Models with Memory

Transfer function is linear bounded real iff                 (immittance) is linear positive real.

Spectral Density

JG, Journ. Math. Phys., 57, 122101 (2016)



Markov Limits

Gardiner-Collett

Plant
Quantize the plant – quantum mechanical system

Quantize the wire – boson field



SLH Theory
Plant

Unitary Dynamics (Wick order)



SLH Formalism (Markovian)

• Quantum white noise 

• Hamiltonian H 

• Coupling/Collapse Operators L

• Scattering Operator S



Quantum Networks (Cavity QED)

How to connect models?

Algebraic loops Feedback Control

Cascaded models



The Series Product



The Series Product



Beam-splitters



Network Rule # 1 
Open loop systems in parallel



Network Rule # 2 
Feedback Reduction Formula



The rules are very similar to 
classical linear systems



Hamiltonian Formulation of SLH

Chebotarev-Gregoratti
“Network” Hamiltonian



Set up in QHDL

Network rules yield the overall “SLH”
From which we deduce the master equation

Quantum Fly-ball
Governor



Discrete Approximations
Cavity



(Innovations – Wiener process)



Discrete Approximations

Cavity



NON-MARKOVIAN
QUANTUM MODELS

Heat Bath with memory



Papers

• Quantum feedback control of a two-level atom network closed by a semi-infinite waveguide

 H. Ding, G. Zhang, Mu-Tian Cheng, Guoqing Cai  arXiv:2306.06373v2

• Quantum coherent feedback control of an N-level atom with multiple excitations

 H. Ding, G. Zhang IEEE TAC, (2024)

•  Quantum coherent and measurement feedback control based on atoms coupled with a semi-infinite waveguide

 H. Ding, N.H. Amini, G. Zhang, JG SIAM Journal Control & Opt. (0), S231-S257 (2025)

• On non-Markovian quantum control dynamics

 H. Ding, N.H. Amini, G. Zhang, JG  (to appear IEEE  TAC)

• Reproducing Kernel Hilbert Space Approach to Non-Markovian Quantum Stochastic Models

 JG, H. Ding, N.H. Amini      Journ. Math. Phys, 66 042102 (2025)

https://arxiv.org/abs/2306.06373v2


NON-MARKOVIAN QUANTUM 
CONTROL FOR OPEN SYSTEMS 

Non-Markovian bath

dissipator kernel



Quantum State Diffusion (Non-Mаrkovian)

• Postulated by W. Strunz and L. Diósi

• Complex (classical)  Gaussian stochastic process:

• Stochastic equation with memory (causal?)



Microscopic Model - Bath

• Creation/annihilation operators

•  smeared fields

• The bath Hamiltonian is just oscillatory

• The bath correlation function (kernel) is 





• Move into the interaction picture with respect to the bath

• Here we introduce the “bath processes”

• The commutation relations are 



Input-System-Output Model
• Input-output relation 

• “Ehrenfest Equation” with memory!!!







Complex Trajectory Unravellings

• Causality? 

• Microscopic Derivation



Exactly Solvable Model

• Jaynes-Cummings model: 2-level atom coupled to a bosonic bath

• Expand as a Dyson series and re-sum



Exactly Solvable Model

• We note that

• By substitution, the solution satisfies the Strunz-Diósi equation.

• For the “Markov” case we have

   here we have 



Back to the Control Problem

•  N-level atom version

  where

   satisfies

• The Markov case would lead to 

“Asymptotic Markovianity” is achieved for specific parameter regimes!



Back to the Control Problem

•  Otherwise, linear equations for correlations, but with 

 time-dependent coefficients



Thank You 

For Your Attention,


